The Hall property $\mathcal{D}_\pi$ is inherited by overgroups of
  $\pi$-Hall subgroups by Manzaeva, Nomina Ch. et al.
ar
X
iv
:1
80
8.
03
53
6v
1 
 [m
ath
.G
R]
  9
 A
ug
 20
18
The Hall property Dpi is inherited by
overgroups of pi-Hall subgroups∗
Nomina Ch. Manzaeva
Novosibirsk State University, Novosibirsk, Russian Federation
Sobolev Institute of Mathematics, Novosibirsk, Russian Federation
manzaeva@mail.ru
Danila O. Revin
Sobolev Institute of Mathematics, Novosibirsk, Russian Federation
Novosibirsk State University, Novosibirsk, Russian Federation
revin@math.nsc.ru
Evgeny P. Vdovin Sobolev
Institute of Mathematics, Novosibirsk, Russian Federation
Novosibirsk State University, Novosibirsk, Russian Federation
vdovin@math.nsc.ru
August 13, 2018
Abstract
Let pi be a set of primes. We say that a finite group G is a Dpi-
group if the maximal pi-subgroups of G are conjugate. In this paper,
we give an affirmative answer to Problem 17.44(b) from “Kourovka
notebook”, namely we prove that in a Dpi-group an overgroup of a
pi-Hall subgroup is always a Dpi-group.
1 Introduction
Throughout G is a finite group, and pi is a set of primes. We denote by pi1 the
set of all primes not in pi, by pipnq the set of all prime divisors of a positive
∗The work is supported by Russian Science Foundation (project 14-21-00065)
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integer n, given a group G we denote pip|G|q by pipGq. A natural number n
with pipnq Ď pi is called a pi-number, while a group G with pipGq Ď pi is called
a pi-group. A subgroup H of G is called a pi-Hall subgroup, if pipHq Ď pi and
pip|G : H |q Ď pi1, i.e. the order of H is a pi-number and the index of H is a
pi1-number.
Following [8], we say that G satisfies Epi (or briefly G P Epi), if G has a
pi-Hall subgroup. If G satisfies Epi and every two pi-Hall subgroups of G are
conjugate, then we say that G satisfies Cpi (G P Cpi). Finally, G satisfies Dpi
(G P Dpi), if G satisfies Cpi and every pi-subgroup of G is included in a pi-
Hall subgroup of G. Thus G P Dpi if a complete analogue of the Sylow
theorems for pi-subgroups of G holds. Moreover, the Sylow theorems imply
that G P Dpi if and only if the maximal pi-subgroups of G are conjugate.
A group G satisfying Epi (Cpi, Dpi) is also called an Epi-group (respectively, a
Cpi-group, a Dpi-group). Given set pi of primes we denote by Epi, Cpi, and Dpi
the classes of all finite Epi-, Cpi-, and Dpi- groups, respectively.
In the paper, we solve the following problem from “Kourovka notebook” [16]:
Problem 1. [16, Problem 17.44(b)] In a Dpi-group, is an overgroup of a
pi-Hall subgroup always a Dpi-group?
The analogous problem for Cpi-property (see [16, Problem 17.44(a)]) was
answered in the affirmative (cf. [26, 27]). An equivalent formulation to this
statement is: in a Cpi-group pi-Hall subgroups are pronormal. Recall that a
subgroup H of a group G is said to be pronormal if, for every g P G, H and
Hg are conjugate in xH,Hgy.
According to [25], we say that G satisfies Upi, if G P Dpi and every over-
group of a pi-Hall subgroup of G satisfies Dpi. We denote also by Upi the class
of all finite groups satisfying Upi. Thus Problem 1 can be reformulated in the
following way:
Problem 2. Is it true that Dpi “ Upi?
The following main theorem gives an affirmative answer to Problems 1
and 2.
Theorem 1. (Main theorem) Let pi be a set of primes. Then Dpi “ Upi. In
other words, if G satisfies Dpi and H is a pi-Hall subgroup of G, then every
subgroup M of G with H ďM satisfies Dpi.
One can formulate this statement by using the concept of strong pronor-
mality. According to [25], a subgroup H of a group G is said to be strongly
pronormal if, for every g P G and K ď H , there exists x P xH,Kgy such that
Kgx ď H . Theorem 1 is equivalent to the following
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Theorem 2. Let pi be a set of primes. In a Dpi-group pi-Hall subgroups are
strongly pronormal.
In [18, Theorem 7.7], it was proven that G satisfies Dpi if and only if each
composition factor of G satisfies Dpi. Using this result, an analogous criterion
for Upi is obtained in [23].
Theorem 3. [23, Theorem 2] A finite group G satisfies Upi if and only if
each composition factor of G satisfies Upi.
In order to solve [16, Problem 17.44(a)], the pronormality of Hall subgroup
in finite simple groups was proven in [26]. The strong pronormality of Hall
subgroups in finite simple groups together with Theorem 3 would imply the
main theorem. However, M.Nesterov in [17] showed that PSp10p7q contains
a t2, 3u-Hall subgroup that is not strongly pronormal.
Theorem 3 reduces Problem 1 to a similar problem for simple Dpi-groups.
All simple Dpi-groups are known: in pure arithmetic terms, necessary and
sufficient conditions for a simple group G to satisfy Dpi can be found in [19].
It was proved in [23] that if G P Dpi is an alternating group, a sporadic group
or a group of Lie type in characteristic p P pi, then G satisfies Upi. An affir-
mative answer to Problem 1 in case 2 P pi is obtained in [15]. In this paper,
we consider the remaining case of Dpi-groups of Lie type in characteristic p
with 2, p R pi.
2 Notation and preliminary results
All groups in the paper are assumed to be finite. Our notation is standard
and agrees with that of [4] and [11]. By A :B and A .B we denote a split
extension and an arbitrary extension of a group A by a group B, respectively.
Symbol A ˆ B denotes the direct product of A and B. If G is a group and
S is a permutation group, then G ≀ S is the permutation wreath product of
G and S. We use notations H ď G and H P G instead of “H is a subgroup
of G” and “H is a normal subgroup of G”, respectively. For M Ď G we set
MG “ tMg | g P Gu. The subgroup generated by a subset M is denoted by
xMy. The normalizer and the centralizer of H in G are denoted by NGpHq
and CGpHq, respectively, while ZpGq is the center of G. The generalized
Fitting subgroup of G is denoted by F ˚pGq. For a group G, we denote by
AutpGq and OutpGq the automorphism group and the outer automorphism
group, respectively. Denote a cyclic group of order n by n, and an arbitrary
solvable group of order n by vnw. Recall that, for a group X and a prime t,
a t-rank mtpXq is the maximal rank of elementary abelian t-subgroups of X .
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Throughout, Fq is a finite field of order q and characteristic p. By η
we always denote an element of the set t`,´u and we use η instead of η1
as well. In order to make uniform statements and arguments, we use the
following notations GL`n pqq “ GLnpqq, GL´n pqq “ GUnpqq, SL`n pqq “ SLnpqq,
SL´n pqq “ SUnpqq, PSL`n pqq “ PSLnpqq, PSL´n pqq “ PSUnpqq, E`6 pqq “ E6pqq,
E´6 pqq “ 2E6pqq. If G is a group of Lie type, then by W pGq we denote the
Weyl group of G.
The integral part of a real number x is denoted by rxs. For integers n and
m, we denote by gcdpn,mq and lcmpn,mq the greatest common divisor and
the least common multiple, respectively. If pi is a set of primes, then minppiq
is the smallest prime in pi. If n is a positive integer, then npi is the largest
divisor d of n with pipdq Ď pi. If g is an element of a group then there are
elements gpi and gpi1 in xgy such that g “ gpigpi1 and |gpi| is a pi-number, while
|gpi1| is a pi1-number.
If r is an odd prime and k is an integer not divisible by r, then epk, rq
is the smallest positive integer e with ke ” 1 pmod rq. So, epk, rq is the
multiplicative order of k modulo r. In particular, if e “ epk, rq, then
epka, rq “ e
gcdpe, aq .
For a natural number e set
e˚ “
$&% 2e if e ” 1 pmod 2q,e if e ” 0 pmod 4q,
e{2 if e ” 2 pmod 4q.
The next result may be found in [28].
Lemma 1. ( [28], [7, Lemmas 2.4 and 2.5]) Let r be an odd prime, k an
integer not divisible by r, and m a positive integer. Denote epk, rq by e.
Then the following identities hold.
pkm ´ 1qr “
" pke ´ 1qrpm{eqr if e divides m,
1 if e does not divide m;
pkm ´ p´1qmqr “
" pke˚ ´ p´1qe˚qrpm{e˚qr if e˚ divides m,
1 if e˚ does not divide m.
mź
i“1
pki ´ 1qr “ pke ´ 1qrm{esr prm{es!qr
mź
i“1
pki ´ p´1qiqr “ pke˚ ´ p´1qe˚qrm{e˚sr prm{e˚s!qr
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In Lemma 2, we collect some known facts about pi-Hall subgroups in finite
groups.
Lemma 2. Let G be a finite group, A a normal subgroup of G.
(a) If H is a pi-Hall subgroup of G then HXA is a pi-Hall subgroup of A and
HA{A is a pi-Hall subgroup of G{A. In particular, a normal subgroup
and a homomorphic image of an Epi-group satisfy Epi. (see [8, Lemma 1])
(b) If M{A is a pi-subgroup of G{A, then there exists a pi-subgroup H of G
with M “ HA. (see [5, Lemma 2.1])
(c) An extension of a Cpi-group by a Cpi-group satisfies Cpi. (see [8, C1
and C2] or [25, Proposition 5.1])
(d) If 2 R pi then Epi “ Cpi. In particular, if 2 R pi then a group G satisfies Epi if
and only if each composition factor of G satisfies Epi. (see [6, Theorem A],
[7, Theorem 2.3], [25, Theorem 5.4])
(e) If G possesses a nilpotent pi-Hall subgroup then G satisfies Dpi. (see [29],
[25, Theorem 6.2])
(f) A group G satisfies Dpi if and only if both A and G{A satisfy Dpi. Equiv-
alently, G P Dpi if and only if each composition factor of G satisfies Dpi.
(see [18, Theorem 7.7], [25, Collorary 6.7])
Lemma 3. ( [19, Theorem 3], [25, Theorem 6.9]) Let S be a simple group
of Lie type with the base field Fq of characteristic p. Suppose 2 R pi and
|pi X pipSq| ě 2. Then S satisfies Dpi if and only if the pair pS, piq satisfies
one of the Condition I-IV below.
Condition I. Let p P pi and τ “ ppiXpipSqqztpu. We say that pS, piq satisfies
Condition I if τ Ď pipq´1q and every number from pi does not divide |W pSq|.
Condition II. Suppose that S is not isomorphic to 2B2pqq, 2G2pqq, 2F 4pqq1
and p R pi. Set r “ minppi X pipSqq and τ “ ppi X pipSqqztru. Denote by a the
number epq, rq. We say that pS, piq satisfies Condition II if there exists t P τ
with b “ epq, tq ‰ a and one of the following holds.
(a) S » An´1pqq, a “ r´ 1, b “ r, pqr´1´ 1qr “ r,
„
n
r ´ 1

“
”n
r
ı
and both
epq, sq “ b and n ă bs hold for every s P τ .
(b) S » An´1pqq, a “ r ´ 1, b “ r, pqr´1 ´ 1qr “ r,
„
n
r ´ 1

“
”n
r
ı
` 1,
n ” ´1 pmod rq and both epq, sq “ b and n ă bs hold for every s P τ .
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(c) S » 2An´1pqq, r ” 1 pmod 4q, a “ r ´ 1, b “ 2r, pqr´1 ´ 1qr “ r,„
n
r ´ 1

“
”n
r
ı
and epq, sq “ b for every s P τ .
(d) S » 2An´1pqq, r ” 3 pmod 4q, a “ r ´ 1
2
, b “ 2r, pqr´1 ´ 1qr “ r,„
n
r ´ 1

“
”n
r
ı
and epq, sq “ b for every s P τ .
(e) S » 2An´1pqq, r ” 1 pmod 4q, a “ r ´ 1, b “ 2r, pqr´1 ´ 1qr “ r,„
n
r ´ 1

“
”n
r
ı
` 1, n ” ´1 pmod rq and epq, sq “ b for every s P τ .
(f) S » 2An´1pqq, r ” 3 pmod 4q, a “ r ´ 1
2
, b “ 2r, pqr´1 ´ 1qr “ r,„
n
r ´ 1

“
”n
r
ı
` 1, n ” ´1 pmod rq and epq, sq “ b for every s P τ .
(g) S » 2Dnpqq, a ” 1 pmod 2q, n “ b “ 2a and for every s P τ either
epq, sq “ a or epq, sq “ b.
(h) S » 2Dnpqq, b ” 1 pmod 2q, n “ a “ 2b and for every s P τ either
epq, sq “ a or epq, sq “ b.
In cases (g)-(h), a pi-Hall subgroup of S » 2Dnpqq is cyclic.
Condition III. Suppose that S is not isomorphic to 2B2pqq, 2G2pqq, 2F 4pqq1
and p R pi. Set r “ minppi X pipSqq and τ “ ppi X pipSqqztru. Denote by c
the number epq, rq. We say that pS, piq satisfies Condition III if epq, tq “ c for
every t P τ and one of the following holds.
(a) S » An´1pqq and n ă ct for every t P τ .
(b) S » 2An´1pqq, c ” 0 pmod 4q and n ă ct for every t P τ .
(c) S » 2An´1pqq, c ” 2 pmod 4q and 2n ă ct for every t P τ .
(d) S » 2An´1pqq, c ” 1 pmod 2q and n ă 2ct for every t P τ .
(e) S is isomorphic to one of the groups Bnpqq, Cnpqq or 2Dnpqq, c is even
and 2n ă ct for every t P τ .
(f) S is isomorphic to one of the groups Bnpqq, Cnpqq or Dnpqq, c is odd and
n ă ct for every t P τ .
(g) S » Dnpqq, c is even and 2n ď ct for every t P τ .
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(h) S » 2Dnpqq, c is odd and n ď ct for every t P τ .
(i) S » 3D4pqq.
(j) S » E6pqq and if r “ 3 and c “ 1 then 5, 13 R τ .
(k) S » 2E6pqq and if r “ 3 and c “ 2 then 5, 13 R τ .
(l) S » E7pqq; if r “ 3 and c P t1, 2u then 5, 7, 13 R τ , and if r “ 5 and
c P t1, 2u then 7 R τ .
(m) S » E8pqq; if r “ 3 and c P t1, 2u then 5, 7, 13 R τ , and if r “ 5 and
c P t1, 2u then 7, 31 R τ .
(n) S » G2pqq.
(o) S » F4pqq and if r “ 3 and c “ 1 then 13 R τ .
Condition IV. We say that pS, piq satisfies Condition IV if one of the fol-
lowing holds.
(a) S » 2B2p22m`1q, pi X pipGq is contained in one of the sets pip22m`1 ´ 1q,
pip22m`1 ˘ 2m`1 ` 1q.
(b) S » 2G2p32m`1q, piXpipGq is contained in one of the sets pip32m`1´1qzt2u,
pip32m`1 ˘ 3m`1 ` 1qzt2u.
(c) S » 2F 4p22m`1q1, piXpipGq is contained in one of the sets pip22p2m`1q˘1q,
pip22m`1˘2m`1`1q, pip22p2m`1q˘23m`2¯2m`1´1q, pip22p2m`1q˘23m`2`
22m`1 ˘ 2m`1 ´ 1q.
In the next three lemmas, we recall some preliminary results about Upi-
property.
Lemma 4. [23, Theorem 4] If G P Dpi is either an alternating group, or a
sporadic simple group, or a simple group of Lie type in characteristic p P pi,
then G satisfies Upi.
Lemma 5. [15, Lemma 3] The following statements are equivalent.
(a) Dpi “ Upi.
(b) In every simple Dpi-group G, all maximal subgroups containing a pi-Hall
subgroup of G satisfy Dpi.
Lemma 6. [15, Theorem 1] If 2 P pi then Dpi “ Upi.
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In view of Lemma 6, we consider the case when pi is a set of odd primes.
Lemma 7. [24, Theorem 1] Let G be a group of Lie type in characteristic p.
Suppose that 2, p R pi and H is a pi-Hall subgroup of G. Set r “ minppiXpipGqq
and τ “ ppi X pipGqqztru. Then H has a normal abelian τ -Hall subgroup.
In spite of Lemma 7, we say that a pair pG, piq satisfies (˚) if
every pi-subgroup of G has a normal abelian τ -Hall subgroup,
where r “ minppi X pipGqq and τ “ ppi X pipGqqztru. (˚)
Suppose that G P Epi is a group of Lie type in characteristic p and 2, p R pi.
If G P Dpi then every pi-subgroup of G is contained in a pi-Hall subgroup of
G, and hence by Lemma 7 we have that pG, piq satisfies (˚). The following
lemma gives sufficient conditions for the validity of the converse statement.
Lemma 8. [24, Theorem 5] Let G be a group of Lie type with the base field
Fq of characteristic p, and G is not isomorphic to
2B2pqq, 2G2pqq, 2F 4pqq1.
Suppose that 2, p R pi and G P Epi. Assume further that epq, tq “ epq, sq for
every t, s P pi X pipGq. Then G P Dpi if and only if pG, piq satisfies (˚).
The next lemma says, when a simple group S satisfies Epi and does not
satisfy Dpi.
Lemma 9. ( [5, Theorem 1.1], [5, Theorem 6.14], [20, Lemmas 5-7]) Let S
be a simple group. Suppose that 2 R pi and S P EpizDpi. Set r “ minppiXpipSqq
and τ “ ppi X pipSqqztru. Then one of the following holds.
(I) S » O1N and pi X pipSq “ t3, 5u.
(II) S is a group of Lie type with the base field Fq of characteristic p and
either (A) or (B) below is true:
(A) p P pi, p divides |W pSq|, every t P ppi X pipSqqztpu divides q ´ 1
and does not divide |W pSq|.
(B) p R pi and one of (a)-(i) below holds.
(a) S » PSLnpqq, epq, rq “ r ´ 1, pqr´1 ´ 1qr “ r,
“
n
r´1
‰ “ “n
r
‰
and for every t P τ we have epq, tq “ 1 and n ă t.
(b) S » PSUnpqq, r ” 1 pmod4q, epq, rq “ r ´ 1, pqr´1 ´ 1qr “ r,“
n
r´1
‰ “ “n
r
‰
and for every t P τ we have epq, tq “ 2 and n ă t.
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(c) S » PSUnpqq, r ” 3 pmod4q, epq, rq “ r´12 , pqr´1 ´ 1qr “ r,“
n
r´1
‰ “ “n
r
‰
and for every t P τ we have epq, tq “ 2 and n ă t.
(d) S » E6pqq, piXpipSq Ď pipq´1q, 3, 13 P piXpipSq, 5 R piXpipSq.
(e) S » 2E6pqq, piXpipSq Ď pipq`1q, 3, 13 P piXpipSq, 5 R piXpipSq.
(f) S » E7pqq, pi X pipSq is contained in one of the sets pipq ´ 1q
or pipq ` 1q, 3, 13 P pi X pipSq, 5, 7 R pi X pipSq.
(g) S » E8pqq, pi X pipSq is contained in one of the sets pipq ´ 1q
or pipq ` 1q, 3, 13 P pi X pipSq, 5, 7 R pi X pipSq.
(h) S » E8pqq, pi X pipSq is contained in one of the sets pipq ´ 1q
or pipq ` 1q, 5, 31 P pi X pipSq, 3, 7 R pi X pipSq.
(i) S » F4pqq, pi X pipSq is contained in one of the sets pipq ´ 1q
or pipq ` 1q, 3, 13 P pi X pipSq.
Remark on Lemma 9. Consider simple classical groups in characterictic p.
Suppose that 2, p R pi. If a simple classical group satisfies Epi and does not
satisfy Dpi, then it must be linear or unitary by Lemma 9. Thus if S P Epi
is a simple orthogonal or sympletic group, then S P Dpi. However, there
are isomorphisms amongst the classical groups, and it may happen that a
simple orthogonal or sympletic group S P Epi is isomorphic to a linear or
unitary group S1 (see [11, Proposition 2.9.1]). One can check in this case
that S1 P Dpi. For instance, suppose that S “ PΩ˘6 pqq » PSL˘4 pqq “ S1.
Assume also that S1 P EpizDpi, and therefore S1 satisfies one of items II(B)a-
II(B)c of Lemma 9. If r “ minppi X pipS1qq, we have that r ď n “ 4 (see
Lemma 11 below) and so r “ 3. Then “ n
r´1
‰ ‰ “n
r
‰
and none of conditions
II(B)a-II(B)c holds. Hence we conclude that S1 “ PSL˘4 pqq P Dpi. Thus if
S is a simple orthogonal or sympletic group in characteristic p, pi is a set of
primes with 2, p R pi and S P Epi, then S P Dpi.
We consider GL´n pqq as the set tpaijq P GLnpq2q | paqijq “ ppaijq´1qJu,
where paijqJ “ pajiq is the transposed of paijq. In the following statement,
we specify the structure of pi-Hall subgroup in GLηnpqq in case 2, p R pi and
GLηnpqq does not satisfy Dpi.
Lemma 10. Let G “ GLηnpqq, where q “ pm and p is a prime. Denote by
D the subgroup of all diagonal matrices in G, so that D » pq ´ ηqn, and
by P the subgroup of permutation matrices of G, so that P » Sn and P
normalizes D. Suppose that 2, p R pi and G P EpizDpi. Set r “ minppi X pipGqq
and τ “ ppi X pipGqqztru. Then the following statements hold.
(a) r does not divide q ´ η, τ Ď pipq ´ ηq, and a pi-Hall subgroup T of D is
isomorphic to pq ´ ηqnτ .
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(b) P is a τ 1-group, a pi-Hall subgroup of P is nontrivial and coincides with
a Sylow r-subgroup R of P and R is elementary abelian of order rrn{rs.
(c) R normalizes T and TR is a pi-Hall subgroup of G. In particular, |G|pi “
pq ´ ηqnτ rrn{rs.
(d) Consider the automorphism ϕ : paijq ÞÑ papijq of G. Then ϕ normalizes T
and centralizes R. In particular, ϕ normalizes TR.
(e) Let d “ “n
r
‰
and n “ dr ` k. Then CTRpRq » pq ´ ηqd`kτ ˆ R and
mtpCTRpRqq “ d` k for every t P τ .
Proof. Since G P EpizDpi and 2 R pi, Lemma 2(d, f) implies that the unique
nonabelian composition factor S “ PSLηnpqq of G lies in EpizDpi. Since p R pi,
we obtain that S satisfies one of items II(B)a-II(B)c of Lemma 9. Observe
that pipGq “ pipSq. Denote epq, rq by e.
(a) Since D » pq ´ ηqn is abelian, D satisfies Dpi. Items II(B)a-II(B)c of
Lemma 9 imply τ Ď pipq ´ ηq. It suffies, therefore, to prove that r does not
divide q ´ η.
If η “ `, then S “ PSLnpqq satisfies item II(B)a of Lemma 9. It now
follows that e “ r ´ 1 ą 1, and so r does not divide q ´ 1.
If η “ ´, then S “ PSUnpqq satisfies either II(B)b or II(B)c of Lemma 9.
It is easy to see that in both cases e is not equal to 2, and so r does not
divide q ` 1. Observe also that in both cases e˚ “ r ´ 1. Thus r R pipq ´ ηq,
as required.
(b) It follows from items II(B)a-II(B)c of Lemma 9 that n ă t for every
t P τ , and hence P » Sn is a τ 1-group. Then |pi X pipP q| ď 1, and P satisfies
Dpi by the Sylow theorems. As we have seen above, if η “ ` then e “ r ´ 1,
and if η “ ´ then e˚ “ r ´ 1. Lemma 1 implies that
|GLnpqq|r “ pqe ´ 1qrn{esr prn{es!qr ,
|GUnpqq|r “ pqe˚ ´ p´1qe˚qrn{e˚sr prn{e˚s!qr .
Hence
|GLηnpqq|r “ pqr´1 ´ 1qrn{pr´1qsr prn{pr ´ 1qs!qr . (1)
Since r divides the order of G, we have that n ě r ´ 1. Also, since“
n
r´1
‰ “ “n
r
‰
, we have that n ě r, and so a Sylow r-subgroup R of P is
nontrivial. Then d “ “n
r
‰ ą 0 and it follows from d “ “ n
r´1
‰
that
n “ dr ` k “ dpr ´ 1q ` pd` kq and 0 ă d` k ă r ´ 1. (2)
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In particular, d ă r ´ 1 and a Sylow r-subgroup R of P is isomorphic to rd
by [10, 11.3.1, Example III]. Moreover
n “ dpr ´ 1q ` pd` kq ď dpr ´ 1q ` r ´ 2 ď rpr ´ 2q.
(c) Since T is a characteristic subgroup of D, we conclude that R nor-
malizes T , and so TR is a pi-subgroup of G. To prove that TR is a pi-Hall
subgroup of G, it suffices to show that |G|pi “ |TR| “ pq ´ ηqnτ rrn{rs.
Items II(B)a-II(B)c of Lemma 9 yield pqr´1 ´ 1qr “ r and we have seen
that rn{pr ´ 1qs “ d ă r ´ 1. Thus,
prn{pr ´ 1qs!qr “ 1.
In view of (1), we conclude that |G|r “ rrn{r´1s “ rrn{rs, as required.
Calculate t-part of order of G for every t P τ . It follows from items II(B)a-
II(B)c of Lemma 9 that epq, tq “ epq, sq for every t, s P τ . Denote epq, tq by f .
Observe that if η “ ` then f “ 1, and if η “ ´ then f “ 2 and f˚ “ 1.
Since n ă t, Lemma 1 yields
|GLnpqq|t “ pqf ´ 1qrn{fst prn{f s!qt “ pq ´ 1qnt pn!qt “ pq ´ 1qnt
|GUnpqq|t “ pqf˚ ´ p´1qf˚qrn{f
˚s
t prn{f˚s!qt “ pq ` 1qnt pn!qt “ pq ` 1qnt
Thus |G|τ “ pq ´ ηqnτ , as required.
(d) Clearly, ϕ normalizes D and centralizes P . In particular, ϕ also
centralizes R. Since T is a characteristic subgroup of D, we have that ϕ
normalizes T .
(e) We will denote by Di the subgroup of D consisting of all matrices
diagp1, . . . , α, . . . , 1q where α is an element of the corresponding field such
that αq “ α and α is placed on the ith position. Let Ti be the unique τ -Hall
subgroup of Di. It is clear that both P and R act on the set
Ω “ tT1, . . . , Tnu
via conjugation. Since R is a Sylow r-subgroup of P » Sn, and in view
of (2), R has d orbits of size r and k orbits of size 1 on Ω (see [10, 11.3.1,
Example III]). It is easy to see that if ∆ is an orbit of R on Ω then
Cx∆ypRq » pq ´ ηqτ and
CT pRq “ xCx∆ypRq | ∆ is an orbit of R on Ωy » pq ´ ηqd`kτ .
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Since R is abelian, we obtain that
CTRpRq » pq ´ ηqd`kτ ˆR.
Thus, for every t P τ , the maximal rank of elementary abelian t-subgroup
mtpCTRpRqq is equal to d` k.
Since PSLηnpqq is a unique nonabelian composition factor of GLηnpqq, as a
consequence of (a) and the proof of (b) we obtain
Lemma 11. Let S “ PSLηnpqq, where q “ pm, and let 2, p R pi. Set r “
minppi X pipSqq. Then S P EpizDpi implies gcdpn, q ´ ηqpi “ 1 and r ď n ď
rpr ´ 2q.
Lemma 12. Let G “ GLηnpqq, where q “ pm and p is a prime. Consider the
automorphism ϕ : paijq ÞÑ papijq of G. Suppose that 2, p R pi and G P EpizDpi.
Set r “ minppi X pipGqq and τ “ ppi X pipGqqztru. Take arbitrary t P τ . Then
G contains an r-subgroup R and an elementary abelian t-subgroup K such
that
(a) R is a Sylow r-subgroup of G centralized by ϕ21 ;
(b) K is ϕ-invariant, K ď CGpRq, and the rank of K equals 2d ` k, where
d and k are defined by d “ rn{rs and k “ n´ dr;
(c) if m is divisible by t and ψ P xϕy is of order t, then K in (b) can be
chosen such that K ď CGpψq X CGpRq.
Proof. It follows from Lemma 10(b) that d “ rn{rs ą 0. The equality
n “ dpr ´ 1q ` d ` k implies that G contains a subgroup of block-diagonal
matrices
X “ GLηr´1pqq ˆ . . .ˆGLηr´1pqqloooooooooooooooomoooooooooooooooon
d times
ˆGLη1pqq ˆ . . .ˆGLη1pqqlooooooooooooomooooooooooooon
k`d times
.
This subgroup is ϕ-invariant. Every GLηr´1pqq contains a subgroup GLηr´1ppq
centralized by ϕ21 . Consider a subgroup
Y “ GLηr´1ppq ˆ . . .ˆGLηr´1ppqloooooooooooooooomoooooooooooooooon
d times
ˆGLη1ppq ˆ . . .ˆGLη1ppqlooooooooooooomooooooooooooon
k`d times
of X . It follows from Fermat’s little theorem that |GLηr´1ppq|r ą 1. So, Y
contains an elementary abelian r-subgroup R of order rd and R is centralized
by ϕ21 . By Lemma 10 we have that |G|r “ rd and R is a Sylow r-subgroup
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of G, as required. Observe that ZpXq » pq ´ ηq2d`k. Lemma 10(a) implies
that t divides q´η. Thus the unique maximal elementary abelian t-subgroup
K of ZpXq is a desired subgroup.
If m is divisible by t, then q “ qt0 where q0 “ pm{t. By Fermat’s little
theorem q0 ” q pmod tq and since q ” η pmod tq we obtain that
q0 ” η pmod tq.
Consider a subgroup X0 such that Y ď X0 ď X and
X0 “ GLηr´1pq0q ˆ . . .ˆGLηr´1pq0qlooooooooooooooooomooooooooooooooooon
d times
ˆGLη1pq0q ˆ . . .ˆGLη1pq0qloooooooooooooomoooooooooooooon
k`d times
.
Clearly, X0 ď GLηnpq0q “ CGpψq. It is easy to see that ZpX0q ď ZpXq and
since t divides q0 ´ η, we conclude that K ď ZpX0q ď CGpψq.
We also need some information about automorphisms of groups of Lie
type. Let S be a simple group of Lie type. Definitions of diagonal, field
and graph automorphisms of S agree with that of [21]. The group of inner-
diagonal automorphisms of S is denoted by pS. By [21, 3.2], there exists a field
automorphism ρ of S such that every automorphism σ of S can be written
σ “ βρlγ, with β and γ being an inner-diagonal and a graph automorphisms,
respectively, and l ě 0. The group xρy is denoted by ΦS. In view of [3, 7-2],
the group ΦS is determined up to pS-conjugacy. Since S is centerless, we can
identify S with the group of its inner automorphisms.
Lemma 13. [21, 3.3, 3.4, 3.6] Let S be a simple group of Lie type over
Fq of characteristic p. Set A “ AutpSq and pA “ pSΦS. Then the following
statements hold.
(a) S ď pS ď pA ď A is a normal series for A.
(b) pS{S is abelian; pS “ S for the groups E8pqq, F4pqq, G2pqq, 3D4pqq, in other
cases the order of pS{S is specified in Table 1.
Table 1
S |pS{S|
Alpqq gcdpl ` 1, q ´ 1q
2Alpqq gcdpl ` 1, q ` 1q
Blpqq, Clpqq, E7pqq gcdp2, q ´ 1q
Dlpqq gcdp4, ql ´ 1q
2Dlpqq gcdp4, ql ` 1q
E6pqq gcdp3, q ´ 1q
2E6pqq gcdp3, q ` 1q13
(c) A “ pA with the exceptions: A{ pA has order 2 if S is Alpqq (l ě 2), Dlpqq
(l ě 5) or E6pqq, or if S is B2pqq or F4pqq and q “ 22n`1, or if S is
G2pqq and q “ 32n`1; A{ pA is isomorphic to S3 if S is D4pqq.
Below we need an information about maximal subgroups of groups of Lie
type. For classical groups we use the Aschbacher theorem [11, Theorem 1.2.1]
and for the information about subgroups lying in the Aschbacher classes
we refer to [11]. Maximal subgroups of exceptional groups of Lie type are
specified in Lemmas 14 and 15.
Let G be a finite exceptional simple group of Lie type over Fq, where
q “ pa. Then by [22] there is a simple adjoint algebraic group G over the
algebraic closure of Fq , and a surjective endomorphism σ of G such that
G “ Op1pGσq, the subgroup of Gσ generated by all its p-elements.
Lemma 14. [13, Theorem 2] Let G “ Op1pGσq be a finite exceptional group
of Lie type, G1 is chosen so that G ď G1 ď AutpGq, and let M be a maximal
subgroup of G1 such that G ę M . Then either F ˚pMq is simple, or one of
the following holds.
(a) M “ NG1pDσq, where D is a σ-stable closed connected subgroup and D is
either parabolic or reductive of maximal rank.
(b) M “ NG1pEq, where E is an elementary abelian s-subgroup with s prime
and E ď Gσ; the pair pG,Eq is as in Table 2, in each case s ‰ p.
(c) M is the centralizer of a graph, field, or graph-field automorphism of G
of prime order.
(d) G “ E8, p ą 5 and F ˚pMq P tPSL2p5q ˆ PSL2p9q,PSL2p5q ˆ PSL2pqqu.
(e) F ˚pMq is as in Table 3.
Table 2
G E NGσpEq Conditions
G2ppq 2
3 23 .SL3p2q
2G2p3q
1 23 23 . 7
F4ppq 3
3 33 .SL3p3q p ě 5
E
η
6 ppq 3
3 33`3 .SL3p3q p ” η pmod 3q, p ě 5
E7pqq 2
2 p22 ˆ pPΩ`8 pqq . 2
2qq . S3 PΩ
`
8 pqq . 2
2 “ xD4pqq
E8ppq 2
5 25`10 .SL5p2q
E8pp
aq 53 53 .SL3p5q p ‰ 2, 5; a “
"
1, if 5 | p2 ´ 1
2, if 5 | p2 ` 1.
2E6p2q 3
2 NGpEq “ p3
2 . v8wq ˆ pPSU3p3q . 2q
E7p3q 2
2 NGpEq “ p2
2 : 3q ˆ F4p3q14
Table 3
G F ˚pMq
F4pqq PSL2pqq ˆG2pqq pp ě 3, q ě 5q
E˘6 pqq PSL3pqq ˆG2pqq, PSU3pqq ˆG2pqq pq ě 3q
E7pqq PSL2pqq ˆ PSL2pqq pp ě 5q, PSL2pqq ˆG2pqq pp ě 3, q ě 5q,
PSL2pqq ˆ F4pqq pq ě 4q, G2pqq ˆ PSp6pqq
E8pqq PSL2pqq ˆ PSL˘3 pqq pp ě 5q, PSL2pqq ˆG2pq2q pp ě 3, q ě 5q,
G2pqq ˆ F4pqq, PSL2pqq ˆG2pqq ˆG2pqq pp ě 3, q ě 5q
To simplify our proof of Theorem 1 we need a list of maximal subgroups
of 2F4pqq.
Lemma 15. [14, Main Theorem] Every maximal subgroup of G “ 2F4pqq,
q “ 22m`1, m ě 1, is isomorphic to one of the following.
(a) v q11 w : pA1pqq ˆ pq ´ 1qq.
(b) v q10 w : p2B2pqq ˆ pq ´ 1qq.
(c) SU3pqq : 2.
(d) ppq ` 1q ˆ pq ` 1qq : GL2p3q.
(e) ppq ´?2q ` 1q ˆ pq ´?2q ` 1qq : v 96 w if q ą 8.
(f) ppq `?2q ` 1q ˆ pq `?2q ` 1qq : v 96 w.
(g) pq2 ´?2qq ` q ´?2q ` 1q : 12.
(h) pq2 `?2qq ` q `?2q ` 1q : 12.
(i) PGU3pqq : 2.
(j) 2B2pqq ≀ 2.
(k) B2pqq : 2.
(l) 2F4pq0q, if q0 “ 22k`1 with p2m` 1q{p2k ` 1q prime.
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3 Proof of the main theorem
In view of Lemma 6, we may assume that 2 R pi. By Lemma 5 it is sufficient
to prove the following statement
in each simple nonabelian Dpi-group G,
all maximal subgroups containing a pi-Hall subgroup of G satisfy Dpi.
(3)
Statement (3) is true for alternating and sporadic simple groups, and simple
groups of Lie type, if the characteristic p lies in pi, by Lemma 4. Thus we
remain to consider simple groups of Lie type in characteristic p with p R pi.
So we assume that G is a simple Dpi-group of Lie type with the base field Fq
of characteristic p and 2, p R pi.
In view of the Sylow theorems, we suppose that |pi X pipGq| ě 2. So G
satisfies one of Conditions II-IV of Lemma 3.
Throughout this section, let H be a pi-Hall subgroup of G, M a maximal
subgroup of G with H ď M . Clearly, H is a pi-Hall subgroup of M , in
particular M P Epi. We proof (3) if we show that M satisfies Dpi.
Assume by contradiction that M does not satisfy Dpi. Since M P Epi,
Lemma 2(d) implies that every composition factor of M satisfies Epi. Since
M R Dpi, Lemma 2(f) implies that M has a nonabelian composition factor
S P EpizDpi.
Recall that r “ minppi X pipGqq and τ “ ppi X pipGqqztru. We proceed in
a series of steps.
Step 1. The following statements hold.
(a) |pi X pipSq| ě 2;
(b) r P pipSq;
(c) pS, piq satisfies (˚);
(d) S » PSLηn1pq1q for some q1, n1 and η; S satisfies one of items II(B)a-
II(B)c of Lemma 9. In particular, τ X pipSq Ď pipq1 ´ ηq, and t ą n1 for
every t P τ X pipSq;
(e) r R pipq1 ´ ηq, gcdpn1, q1 ´ ηqpi “ 1 and r ď n1 ď rpr ´ 2q:
(f) OutpSq is an r1-group.
Note: As we mentioned in Remark on Lemma 9, S cannot be isomorphic to
an orthogonal or sympletic group.
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(a) If |pi X pipSq| ď 1 then S P Dpi by the Sylow theorems. Consequently,
|pi X pipSq| ě 2.
(b), (c) Since G satisfies Dpi, every pi-subgroup of G is contained in a
pi-Hall subgroup of G. It follows from Lemma 7 that pG, piq satisfies (˚), i. e.
every pi-subgroup of G has a normal abelian τ -Hall subgroup. Lemma 2(b)
implies that every pi-subgroup of S is a homomorphic image of a pi-subgroup
ofM and hence of G. Thus every pi-subgroup of S possesses a normal abelian
τ -Hall subgroup, in particular, a pi-Hall subgroup of S possesses a normal
abelian τ -Hall subgroup.
If r R pipSq then a pi-Hall subgroup of S is abelian. So by Lemma 2(e) we
have S P Dpi, a contradiction. Therefore, we conclude r P pipSq, as required.
So r “ minppi X pipSqq and ppi X pipSqqztru “ τ X pipSq. Since every pi-
subgroup of S possesses a normal abelian τ -Hall subgroup, we obtain that
pS, piq satisfies (˚).
(d) Since 2 R pi and S P EpizDpi, the possibilities for S are determined in
Lemma 9.
Suppose that S satisfies item (I) of Lemma 9. Then S » O1N and
pi X pipSq “ t3, 5u. But a t3, 5u-Hall subgroup of O1N does not possess a
normal Sylow 5-subgroup (see proof of [5, Theorem 6.14]), hence pS, piq does
not satisfy (˚) and this case is impossible.
Consequently, S is a group of Lie type with a base field Fq1 of a char-
acteristic p1. Assume first that S satisfies item II(A) of Lemma 9, and so
p1 P pi. If p1 ‰ r then r P ppi X pipSqqztp1u and r does not divide |W pSq|.
Since pip|W pSq|q “ pipl!q for some natural l, we obtain that l ă r ă p1 and
it contradicts the fact that p1 divides |W pSq|. Suppose now that p1 “ r.
Denote by U a Sylow p1-subgroup of S. In view of [5, Theorem 3.2], a Borel
subgroup B “ NSpUq contains a pi-Hall subgroup H0 of S. Since a τ -Hall
subgroup Q of H0 is normal (in H0), we obtain that H0 “ U ˆ Q. So H0 is
nilpotent, and S P Dpi by Lemma 2(e), a contradiction.
Hence S satisfies item II(B) of Lemma 9, in particular, p1 R pi. If S
satisfies one of items II(B)d-II(B)i, then piX pipSq Ď pipq1˘ 1q, and therefore
epq1, tq “ epq1, sq for every t, s P pi X pipSq. Recall that 2, p1 R pi and S P Epi.
Now pS, piq satisfies (˚) by Step 1(c), so Lemma 8 implies that S satisfies Dpi,
a contradiction. Thus S satisfies one of items II(B)a-II(B)c of Lemma 9, in
particular,
S » PSLηn1pq1q
for some q1, n1 and η.
Now the rest of statement (d) follows from items II(B)a-II(B)c of Lemma 9.
(e) The statements follow from Lemma 11.
(f) In view of (e) and Lemma 13, it is sufficient to prove that |ΦS| is
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an r1-group. If r divides |ΦS| then q1 “ qr0 for some q0 and this equality
contradicts the conclusion pqr´11 ´ 1qr “ r in II(B)a-II(B)c of Lemma 9.
Indeed, suppose that S » PSUn1pq1q and r ” 1 pmod 4q or S » PSLn1pq1q
i. e. S satisfies II(B)a-II(B)b of Lemma 9. Under these conditions epq1, rq “
r ´ 1. Since qi1 ´ 1 is divisible by qi0 ´ 1 for every i, we conclude that
epq0, rq “ r ´ 1. Now
qr´10 ´ 1 “
´
q
r´1
2
0 ´ 1
¯´
q
r´1
2
0 ` 1
¯
implies that q
pr´1q{2
0 `1 is divisible by r, i. e. qpr´1q{20 ” ´1 pmod rq. Therefore
r´1ÿ
i“0
p´1qr´1´iq
r´1
2
i
0 ” r pmod rq
and we obtain that
qr´11 ´1 “
´
q
r´1
2
1 ´ 1
¯´
q
r´1
2
r
0 ` 1
¯
“
´
q
r´1
2
1 ´ 1
¯´
q
r´1
2
0 ` 1
¯˜r´1ÿ
i“0
p´1qr´1´iq
r´1
2
i
0
¸
is divisible by r2; a contradiction.
Now, suppose that S » PSUn1pq1q and r ” 3 pmod 4q, i. e. S satisfies
II(B)c of Lemma 9. Then epq1, rq “ pr ´ 1q{2 and epq0, rq “ pr ´ 1q{2. This
implies that q
pr´1q{2
0 ” 1 pmod rq and
r´1ÿ
i“0
q
r´1
2
i
0 ” r pmod rq.
Hence
qr´11 ´ 1 “
´
q
r´1
2
1 ` 1
¯´
q
r´1
2
r
0 ´ 1
¯
“
´
q
r´1
2
1 ` 1
¯´
q
r´1
2
0 ´ 1
¯˜r´1ÿ
i“0
q
r´1
2
i
0
¸
is divisible by r2; a contradiction again.
Step 2. M is not almost simple.
Assume that M is an almost simple group. Therefore, S is a unique non-
abelian composition factor of M and we may assume that S ďM ď AutpSq.
Since M contains a pi-Hall subgroup H of G, we arrive at a contradiction
with G P Dpi if we find a pi-subgroup of M (and hence of G) which is not
isomorphic to any subgroup of H .
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In order to prove Step 2, first, for every t P τ X pipSq, we estimate mtpCq,
where C is the centralizer in H of a Sylow r-subgroup of H (and of both
M and G, of course) and, second, we find an elementary abelian t-subgroup
E of M , which centralizes a Sylow r-subgroup R0 of H and whose rank is
greater than mtpCq. It is clear that ER0 is not isomorphic to any subgroup
of H . In particular, ER0 is not conjugate in G to any subgroup of H .
Consider the group GLηn1pq1q first. Recall that
GL´n1pq1q “ tpaijq P GLnpq21q | paq1ij q “ ppaijq´1qJu,
where paijqJ “ pajiq is the transposed of paijq. Let ϕ be an automorphism of
GLηn1pq1q defined by ϕ : paijq ÞÑ pap1ij q, where p1 is the characteristic of Fq1.
Let T be a pi-Hall subgroup of the subgroup of all diagonal matrices in
GLηn1pq1q, and R a Sylow r-subgroup of the subgroup of permutation matrices
of GLηn1pq1q. Denote by χ the pi-part of ϕ. Then by Lemma 10 we have that
TR is a pi-Hall subgroup of GLηn1pq1q and H1 “ TRxχy is a pi-Hall subgroup
of GLηn1pq1qxϕy.
Now consider the natural homomorphism
: GLηn1pq1qxϕy Ñ B, where B “ GLηn1pq1qxϕy{ZpGLηn1pq1qq.
Observe that B is isomorphic to pSΦS, where pS “ PGLηn1pq1q and ΦS are
defined in Lemma 13. By Lemma 2(a) we see that TR is a pi-Hall subgroup
of pS and H1 is a pi-Hall subgroup of B. Since |pS : S| “ gcdpn1, q1 ´ ηq is a
pi1-number by Step 1(e), we obtain TR ď S and H1 X S “ TR is a pi-Hall
subgroup of S. In particular, R is a Sylow r-subgroup of S.
Note that H is a pi-subgroup of AutpSq. It follows from Lemma 13 that
|AutpSq{B| P t1, 2u. Since 2 R pi, we conclude that H is contained in B.
Since H is a pi-Hall subgroup ofM , we have that HXS is a pi-Hall subgroup
of S. Lemma 2(d) yields that S P Cpi. Therefore we may assume that H X S
and TR coincide.
Step 1(f) implies that every Sylow r-subgroup of S is a Sylow r-subgroup
of AutpSq. In particular, R is a Sylow r-subgroup of H and H{pH X Sq is
a τ -group. Recall that r does not divide q1 ´ η by Step 1(e). Therefore,
gcdp|R|, |ZpGLηn1pq1qq|q “ 1 and R » R. It now follows from [9, 3.28] that
CT pRq “ CT pRq. Thus,
CHXSpRq “ CTRpRq “ RCT pRq “ RCT pRq “ CTRpRq.
Since CTRpRq » pq1´ ηqd`kτ ˆR by Lemma 10(e), where d and k are defined
by d “ rn{rs and k “ n ´ dr, we obtain that CTRpRq » pq1 ´ ηqd`k´1τ ˆ R
and mtpCHXSpRqq “ d` k ´ 1 for every t P τ X pipSq.
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As we have seen above, |pS : S| is a pi1-number. Thus
H{pH X Sq “ H{pH X pSq » H pS{pS ď B{pS » xϕy
and H{pH X Sq is cyclic. Therefore, if t P τ X pipSq, then
mtpCHpRqq ´mtpCHXSpRqq ď 1
and mtpCHpRqq is equal to either d ` k ´ 1 or d ` k. The Sylow theorems
imply that the same statement holds for the centralizer in H of an arbitrary
Sylow r-subgroup of H .
Take some t P τXpipSq. As we have noted above, we complete Step 2 if we
find a subgroup E in HS ďM such that E is an elementary abelian t-group
of rank greater than mtpCHpRqq and E centralizes a Sylow r-subgroup R0
of HS.
Lemma 12 implies that there is a subgroup R1 ˆ K in GLηn1pq1q such
that R1 is a Sylow r-subgroup of GL
η
n1
pq1q centralized by ϕ21 and K is a ϕ-
invariant elementary abelian t-subgroup of rank 2d` k. A subgroup K is an
elementary abelian t-subgroup of pS “ GLηn1pq1q. Since |pS : S| is a pi1-number,
we conclude that K ď S.
If mtpCHpRqq equals d`k´1, then E “ K is a desired subgroup. Indeed,
the rank of K is equal to 2d ` k ´ 1 and is greater than d ` k ´ 1, since
d “ rn1{rs ą 0 in view of Step 1(e). Moreover, K centralizes the Sylow
r-subgroup R0 “ R1 of both S and HS.
If mtpCHpRqq equals d ` k, then |CHpRq{CHXSpRq| ą 1 and CHpRq con-
tains an element h of order t such that h R S. Moreover, h R pS, since |pS : S|
is a pi1-number. In view of [3, (7-2)] we obtain that xhy “ xψyδ where ψ P xϕy
is of order t and δ is an element in pS. By Lemma 12(c), we can assume
that K is centralized by ψ. The subgroup E “ xK,ψyδ “ xKδ, ψδy is an
elementary abelian t-subgroup of HS. The rank of E is equal to 2d` k and
E centralizes the Sylow r-subgroup R0 “ R1δ of both S and HS. So, E is a
desired subgroup. This completes the proof of Step 2.
Step 3. G is not a classical group.
Assume that G is a classical group, and so G satisfies either Condition II
or Condition III of Lemma 3. If G satisfies either item (g) or item (h) of
Condition II, then a pi-Hall subgroup H of G is cyclic. Since H ď M , it
follows from Lemma 2(e) that M satisfies Dpi, a contradiction. Therefore,
G satisfies either Condition III or one of items (a)-(f) of Condition II, in
particular epq, tq “ epq, sq for every t, s P τ .
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Set
a “ epq, rq and b “ epq, tq for every t P τ.
SinceM is not almost simple by Step 2, the famous Aschbacher’s theorem [1]
implies that M belongs to one of Aschbacher’s classes C1 ´ C8. The struc-
ture of members of Aschbacher’s classes is specified in [11]. Recall that by
Step 1(b,d) M possesses a composition factor S » PSLηn1pq1q, r P pipSq and
epq1, tq “ epq1, sq for every t, s P τ X pipSq. Set
a1 “ epq1, rq and b1 “ epq1, tq for every t P τ X pipSq.
Assume that q1 “ q. Then a1 “ a and b1 “ b. Since S satisfies one of
items II(B)a-II(B)c of Lemma 9 by Step 1(d), we have that a ‰ b and b ď 2.
Consequently, G cannot satisfy Condition III, and so one of items (a)-(f) of
Condition II holds for G. This implies that b ě r ą 2, a contradiction. Thus
we conclude that q1 ‰ q.
We now consider Aschbacher’s classes to specify all possibilities for M to
have a composition factor S isomorphic to PSLηn1pq1q with q1 ‰ q (recall that
S cannot be isomorphic to orthogonal or sympletic groups). The structure
of members of Aschbacher’s classes C1 ´ C8 is presented in [11, Chapter 4].
By using this information, we check below that, in every case when M is
an element of corresponding Aschbacher’s class C1 ´ C8, there is at most one
such possibility for M .
C1: The structure of members of C1 is presented in [11, §4.1]. The unique
possibility for M appears in [11, Proposition 4.1.18]:
(a) G “ PSUnpqq, M »
0
qmp2n´3mq
8
: vc{ gcdpq ` 1, nqw . pPSLmpq2q ˆ
PSUn´2mpqqq . vdw, where 1 ď m ď rn{2s,
c “ |tpλ1, λ2q|λi P Fq2 , λq`12 “ 1, λmpq´1q1 λn´2m2 “ 1u|,
d “ pq2 ´ 1q gcdpq2 ´ 1, mq gcdpq ` 1, n´ 2mq{c.
In this case, S » PSLn1pq1q with n1 “ m and q1 “ q2.
C2: The structure of members of C2 is presented in [11, §4.2]. The unique
possibility for M appears in [11, Proposition 4.2.4]:
(b) G “ PSUnpqq, M »
1
pq´1q gcdpq`1,n
2
q
gcdpq`1,nq
9
.PSLn{2pq2q .
1
gcdpq2´1,n
2
q
gcdpq`1,n
2
q
9
. 2.
In this case, S » PSLn1pq1q with n1 “ n{2 and q1 “ q2.
C3: The structure of members of C3 is presented in [11, §4.3]. The unique
possibility for M appears in [11, Proposition 4.3.6]:
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(c) G “ PSLηnpqq, M » c .PSLηmpquq . d . u, where n “ mu, u is prime
(if η “ ´, u ě 3), c “ gcdpq´η,mqpqu´ηq
pq´ηq gcdpq´η,nq
, d “ gcdpqu´η,mq
gcdpq´η,mq
.
In this case, S » PSLηn1pq1q with n1 “ m, q1 “ qu and η is the same for
G and S.
C4, C7: The structure of members of C4 and C7 presented in [11, §4.4 and §4.7]
implies that if a composition factor of members of C4 or C7 is isomorphic
to PSLηn1pq1q then q1 “ q.
C5: The structure of members of C5 is presented in [11, §4.5]. The unique
possibility for M appears in [11, Proposition 4.5.3]:
(d) G “ PSLηnpqq, M is a normal subgroup in PGLηnpq1q of index
lcmpq1´η, q´ηgcdpq´η,nqq gcdpq´η,nq
q´η
, where q “ qu1 , u is prime and u ě 3 if η “ ´.
In this case, S » PSLηn1pq1q with n1 “ n and η is the same for G and S.
C6: The structure of members of C6 presented in [11, §4.6] implies that if
a composition factor of members of C6 is isomorphic to PSL
η
n1
pq1q then
q1 “ q.
C8: The structure of members of C8 is presented in [11, §4.8]. The unique
possibility for M appears in [11, Proposition 4.8.5]:
(e) G “ PSLnpqq, M » PSUnpq1q .
1
gcdpq1`1,nqc
gcdpq´1,nq
9
, where q “ q21 and
c “ q´1
lcmpq0`1, q´1gcdpq´1,nqq .
In this case, S » PSL´n1pq1q with n1 “ n.
In cases (d) and (e), M is almost simple and we exclude them in view of
Step 2.
Now we exclude the remaining cases (a)–(c). Recall some statements from
Step 1 which hold for S.
S » PSLn1pq1q S » PSUn1pq1q
a1 “ r ´ 1 r ” 1 pmod 4q and a1 “ r ´ 1,
or r ” 3 pmod 4q and a1 “ r´12
b1 “ 1 b1 “ 2
pqr´11 ´ 1qr “ r
r ď n1 ď rpr ´ 2q
If S » PSLn1pq1q, we see that a1 is even and a1 ą 1. If S » PSUn1pq1q,
we see that either a1 ” 0 pmod 4q, or a1 ” 1 pmod 2q. So, in the case where
S is unitary, a1 cannot equal 2k with k odd, in particular, a1 ‰ 2.
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In the rest of Step 3, we fix some t P τ X pipSq.
Cases (a) and (b). In these cases S » PSLn1pq2q. Since epq2, tq “ b1 “ 1,
we conclude b “ epq, tq is equal to 1 or 2. This implies that G cannot satisfy
Condition II, and so G satisfies Condition III; in particular a “ b. Therefore,
a “ epq, rq equals 1 or 2, and a1 “ epq2, rq “ 1, which is a contradiction with
the fact that a1 ą 1.
Case (c). In this case S » PSLηmpquq, where mu “ n and u is prime (if
η “ ´, u ě 3). Show that u “ r and, in particular, r divides n.
Assume first that η “ `, i. e. G “ PSLnpqq and S » PSLmpquq. Since
a1 “ epqu, rq ą 1, we have that a “ epq, rq ě a1 ą 1 and a ‰ u. Since
b1 “ epqu, tq “ 1, we obtain that b “ epq, tq “ gcdpb, uqb1 “ gcdpb, uq divides
u. Therefore, b is equal to 1 or u. Hence G cannot satisfy Condition III
where a “ b, since a cannot equal 1 or u. Consequently, G satisfies either
item (a) or item (b) of Condition II, and b “ r “ u.
Assume now that η “ ´, i. e. G “ PSUnpqq and S » PSUmpquq. Since
a “ gcdpa, uqa1 and a1 ı 2 pmod 4q,
we have that a ı 2 pmod 4q. In particular a ‰ 2 and a ‰ 2u (recall that
u ě 3 is prime in this case). It follows from b “ gcdpb, uqb1 and b1 “ 2 that b
is equal to 2 or 2u. Consequently, a ‰ b and G satisfies one of items (c)-(f)
of Condition II. This implies b “ 2r “ 2u.
Thus we have that r “ u, and so r divides n. Therefore, G cannot satisfy
items (b), (e) and (f) of Condition II, where n ” ´1 pmod rq. Hence G
satisfies one of items (a), (c) or (d) of Condition II. Now it follows that„
n
r ´ 1

“
”n
r
ı
“ n
r
“ m.
These equalities yield that
n “ mr “ mpr ´ 1q `m
and m ă r ´ 1, which is a contradiction with the fact that m “ n1 ě r.
Thus in all cases (a)-(e) we obtain a contradiction, and so G cannot be
a classical group, as wanted. To prove the statement (3) it remains to show
that G cannot be an exceptional group.
Step 4. G is not an exceptional group.
Assume that G is an exceptional group, and so G satisfies either Condi-
tion III or Condition IV of Lemma 3. The description of pi-Hall subgroups
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in the exceptional groups in characteristic p with 2, p R pi is given in [24].
Recall that by Step 1 M possesses a composition factor S » PSLηn1pq1q,
r ď n1 ď rpr ´ 2q and |τ X pipSq| ě 1. Also if η “ ` then epq1, tq “ 1, and if
η “ ´ then epq1, tq “ 2 for every t P τ X pipSq, in particular, q1 ě 4.
Suppose G satisfies Condition III first. So G is not isomorphic to 2B2pqq,
2G2pqq or 2F4pqq1. Hence by [24, Lemmas 7-13] we have that a pi-Hall sub-
group H of G is abelian or piX pipGq Ď pipq˘ 1q. If H is abelian then M sat-
isfies Dpi by Lemma 2(e), a contradiction. Consequently piXpipGq Ď pipq˘1q.
If q1 “ qu for some natural u, it follows from pi X pipSq Ď pipq ˘ 1q that
pi X pipSq Ď pipqu ˘ 1q “ pipq1 ˘ 1q, and so epq1, tq “ epq1, sq for every
t, s P pi X pipSq. Since pS, piq satisfies (˚) by Step 1(c), Lemma 8 implies
that S satisfies Dpi, a contradiction. Thus we conclude that q1 is not a power
of q.
Let G be a adjoint simple algebraic group and σ a surjective endomor-
phism of G such that G “ Op1pGσq. All maximal subgroups of G are pre-
sented in Lemma 14. Since M is not almost simple, we consider all possibil-
ities for M according to items (a)-(e) of Lemma 14.
Case (a): M “ NGpDσq, where D is a σ-stable closed connected sub-
group and D is either parabolic or reductive subgroup of maximal rank. If
D is parabolic, then there are no composition factors of M isomorphic to
PSLηn1pq1q with q1 ‰ qu. If D is reductive subgroup of maximal rank, then
M is a subgroup of maximal rank in sense of [12]. Since G P Gσ, we have
that S is a composition factor of NGσpDσq. According to Tables 5.1 and
5.2 from [12], we obtain that S is isomorphic to one of the following groups
PSL2p5q, PSL3p2q or PSU4p2q. If S » PSL2p5q then n1 “ 2, which is a con-
tradiction with the fact that n1 ě r ą 2. If S is isomorphic to PSL3p2q or
PSU4p2q then q1 “ 2 and it contradicts the fact q1 ě 4.
Case (b): M “ NGpEq, where E is an elementary abelian s-subgroup
with s prime and E ď Gσ (see Table 2). Since G P Gσ, we have that S
is a composition factor of NGσpEq. According to Table 2, we obtain that
S is isomorphic to one of the following groups PSL3p2q, PSL3p3q, PSU3p3q,
PSL3p5q or PSL5p2q. If S is isomorphic to PSL3p2q, PSL3p3q, PSU3p3q or
PSL5p2q, then q1 ă 4, a contradiction. If S » PSL3p5q, then there is no odd
prime t with epq1, tq “ 1, and so τ XpipSq “ ∅, which is a contradiction with
the fact that |τ X pipSq| ě 1.
Case (c): M is the centralizer of a graph, field, or graph-field automor-
phism of G of prime order. The structure of M is presented in [4, Theorem
4.5.1, Theorem 4.7.3, Propositions 4.9.1 and 4.9.2]. As we mentioned in Re-
mark on Lemma 9, S cannot be isomorphic to an orthogonal or sympletic
group. So we see that there are no centralizers of a graph, field, or graph-field
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automorphism of G of prime order with a composition factor isomorphic to
PSLηn1pq1q where q1 ‰ qu.
Cases (d) and (e): either G “ E8, p ą 5 and F ˚pMq is one of groups
PSL2p5qˆPSL2p9q, PSL2p5qˆPSL2pqq or F ˚pMq is as in Table 3. The maxi-
mality and the structure ofM implies that M is a subgroup of AutpF ˚pMqq,
in particular, M{F ˚pMq is solvable. Hence case (d) holds and S is isomor-
phic to one of the following groups PSL2p5q, PSL2p9q. Now we have n1 “ 2,
a contradiction with the fact that n1 ě r ą 2.
Thus in all cases (a)-(e) we obtain a contradiction, and so G cannot satisfy
Condition III. Consequently, we conclude that G satisfies Condition IV, and
G is isomorphic to one of groups 2B2pqq, 2G2pqq or 2F4pqq1. Since 2 R pi, in
view of [5, 6.13 Corollary] 2F4p2q1 does not satisfy Epi, and therefore G cannot
be isomorphic to 2F4p2q1. Since 2F4pqq1 “ 2F4pqq with q ą 2, further we write
2F4pqq instead of 2F4pqq1.
By [24, Lemma 14], if G is isomorphic to 2B2pqq or 2G2pqq, or if G is
isomorphic to 2F4pqq and 3 R pi, then H is abelian. Since H ď M , it now
follows form Lemma 2(e) thatM satisfies Dpi, a contradiction. Consequently,
we deduce that G is isomorphic to 2F4pqq and 3 P pi, and therefore r “ 3.
All maximal subgroups of G are specified in Lemma 15. Since M has a
composition factor S » PSLηn1pq1q and r ď n1 ď rpr ´ 2q, we obtain that
n1 “ 3 and S » PSU3pq1q with q1 “ q “ 22m`1. By Step 1(d) S satisfies
II(B)c of Lemma 9. In particular,
epq1, rq “ r ´ 1
2
“ 1.
But q1 “ 22m`1 ” ´1 pmod 3q. So we obtain a contradiction with the fact
that epq1, 3q “ epq1, rq “ 1.
Thus we conclude that G cannot be an exceptional group, and so the
main theorem is proved.
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